Fusion dynamics and the onset of quasi-fission in reactions, leading to production of superheavy nuclei are investigated using the constrained molecular dynamics model. Constraints on the parameters of the nuclear equation of state are derived from experimental fusion probabilities. The obtained constraint on the modulus of incompressibility of nuclear matter K 0 = 240 − 260 MeV is consistent with the results of previous study using the Boltzmann-Uehling-Uhlenbeck equation and also with constraints derived using the recent neutron star binary collision event GW170817. Unlike the modulus of incompressibility of symmetric nuclear matter, the stiffness of the density-dependence of symmetry energy influences the fusion probability only weakly.
Introduction
The microscopic description of large amplitude nuclear motion such as complete fusion, nuclear fission and quasi-fission still remains a topic of intense basic research. Understanding these processes, where participating nuclei undergo dramatic changes of their size, shape and nucleonic content, apart from a theoretical point of view, is of crucial importance for production of super-heavy nuclei and for understanding of the nucleosynthesis of heavy elements via the r-process. At present the best candidate for the event, where heavy elements are produced in the Universe, is the process of binary One of the established methods of performing microscopic simulations of large amplitude nuclear processes is the use of the microscopic model of Constrained Molecular Dynamics (CoMD) [2, 3, 4] .
Simulations using this code were performed successfully for nucleus-nucleus collisions at intermediate energies, where strong nucleon exchange determines the properties of reaction products [5] . In the recent work [6] it was shown that the microscopic CoMD code is able to describe the complicated many-body dynamics of the fission process at intermediate and high energy and give a reasonable estimate of the fission time scale.
In this work we perform a systematic study of the fusion vs. quasi-fission competition in nuclear reactions, leading to production of superheavy nuclei, using the model of Constrained Molecular Dynamics. The progress in the field of production of superheavy nuclei in last two decades is summarized in the recent review article [7] . At present, the heaviest element produced, named oganesson, has atomic number Z=118. In order to proceed further, it is necessary to understand the reaction mechanisms, competing with formation of compound nucleus, in particular the process of quasi-fission. The competition of fusion and quasi-fission was recently addressed using variety of theoretical approaches.
Among others, the Dynamical Langevin approach was used in recent works [8, 9, 10] . The implementations of the quantum molecular dynamics known as ImQMD [11, 12, 13, 14] were also used recently. Furthermore, the fusion vs. quasi-fission competition was also addressed using the time-dependent Hartree-Fock theory [15, 16, 17, 18, 19, 20] , and compared to measured data [21, 22] . In the recent work [23] , the Boltzmann-Uehling-Uhlenbeck (BUU) equation was employed where the Pauli principle was implemented separately for neutrons and protons and the Coulomb interaction was also considered. It was possible to set a rather strict constraint on the modulus of incompressibility of the equation of state of nuclear matter K 0 = 240 − 260 MeV with density dependence of the symmetry energy within the range γ = 0.5 − 1. In general, main effect of the nuclear equation of state in such collisions was expressed by the properties of surface, a region where density gradually drops from saturation density to zero. The fusion dynamics is governed by interplay of surface energy and Coulomb repulsion, with strong effect of symmetry energy on scission in quasifission channel. In the present work we continue this effort by employing another transport code, namely the Constrained Molecular Dynamics [2, 3, 4] . Compared to the Boltzmann-Uehling-Uhlenbeck (BUU) equation, employed in [23] , the nucleons are represented in the CoMD as Gaussian wave packets and fluctuations of density are not removed by taking an average over the large set of test particles. This code was recently em-ployed [6] to study fission, induced by proton beam, and since fission is also governed by interplay of surface and Coulomb energy, it can be expected that the model will be suitable also for investigation of fusion vs. quasi-fission competition. It is interesting to verify the validity of the results, obtained in [23] , using this version of the transport approach. 
Constrained Molecular Dynamics
The theoretical framework employed in this study is the microscopic model of Constrained Molecular Dynamics originally designed for reactions in the Fermi energy [2, 3, 4] . Following the general approach of Quantum Molecular Dynamics (QMD) models [24] , in the CoMD code nucleons are described as localized Gaussian wave packets satisfying the uncertainty principle. The N-body phasespace distribution function is the sum of the single-particle distribution functions f i :
In the present implementation of CoMD, we have taken the dispersion in momentum σ p as a parameter, in analogy to the dispersion (width of wavepacket) σ r in coordinate space. We note that σ r is a real number in the QMD approach and the distribution function f i reproduces the minimum uncertainty relation σ r σ p =h/2 in the one-body phase space.
With this assumption, the phase space distribution function for each nucleon takes the form:
We note that this distribution function can be viewed as the generalization of the classical distribution function describing pointlike particles [24] . The distribution functions f i (r, p) and f (r, p) are the physical quantities of interest from which all the relevant observables are evaluated.
The equation of motion of the centroids r i and p i are deduced from the time-dependent Schrödinger equation using the time-dependent variational principle which results:
We observe that with the Gaussian description of the single-particle wave functions, the N-body timedependent Schödinger equation leads to (classical) Hamilton's equations of motion for the centroids of the nucleon wavepackets.
In the CoMD approach, the total energy H for A particles with mass m consists of the kinetic energy and the effective interaction:
The second term arises from the Gaussian width in p-space and, since it is a constant, it is ommitted in the CoMD calculations [2] .
In CoMD a simplified Skyrme-like effective nucleon-nucleon interaction is adopted that leads to a potential energy V ef f with the following terms:
where the terms of the effective interaction are, respectively, the two-body (volume) term, the threebody term, the symmetry potential, the surface term and the Coulomb term. Within CoMD model, these terms are defined as:
In the above relations, parameters t 0 , t 3 and exponent µ are parameters of equation of state of symmetric nuclear matter, represented by first two equations, which will be summarily characterized by the value of modulus of incompressibility K 0 , a sym and exponent γ describe the density dependence of the symmetry energy, C s is the coefficient describing magnitude of the surface term, σ r is the width of the nucleon wave packet in coordinate space and τ i represents the z-component of the nucleon isospin degree of freedom. The superimposition integral (or interaction density) ρ ij is defined as:
with the i-th nucleon density:
The CoMD model, while not explicitly implementing antisymmetrization of the N-body wavefunction, imposes a constraint in the phase space occupation for each nucleon, effectively restoring the Pauli principle at each time step of the (classical) evolution of the system. This constraint restores, in a stochastic way, the fermionic nature of the nucleonic motion in the evolving nuclear system. The starting point of the constraint is the requirement:
where s i is the z-component of the spin of the nucleon i. The integral is performed in an hypercube of volume h 3 in phase space centered around the point ( r i , p i ) with size 2πh σr σp σ r and 2πh σr σp σ p in the r and p spaces, respectively. Details of the computational algorithm can be found in [2] .
The short range (repulsive) nucleon-nucleon interactions are described as individual nucleonnucleon collisions governed by the nucleon-nucleon scattering cross section, the available phase space and the Pauli principle, as usually implemented in transport codes (see, e.g. [25] ). The handling of the Pauli-blocking in nucleon-nucleon collisions follows the aforementioned approach regarding the constraint. For each nucleon-nucleon collision, the occupation probability is evaluated after the elastic scattering and if it is less than 1 for each member of the nucleon-nucleon pair, the collision is accepted, otherwise rejected. The present CoMD version fully preserves the total angular momentum (along with linear momentum and energy), features which are critical for the accurate description of observables from heavy-ion collisions and, for the present study, the fusion/quasi-fission dynamics.
Results and discussion
In order to investigate the role of the equation of state of nuclear matter in the competition of fusion and quasi-fission in reactions leading to heavy and superheavy nuclei, we used the same representative set of reactions as in our recent work [23] . As one of the heaviest systems, where fusion is still dominant, we use the reaction 48 Ca+ 208 Pb. This reaction was measured [26, 27] , and a typical dominant peak at symmetric fission was observed in the mass vs. TKE spectra of fission fragments, with TKE consistent to fusion-fission proceeding through formation of the compound nucleus 256 No.
Onset of quasi-fission was observed [28] in the reaction 64 Ni+ 186 W, leading to compound system 250 No, where a prominent fusion-like peak is not observed anymore, however symmetric fission, which can be attributed to fusion-fission, is still observed relatively frequently. Quasi-fission becomes even more dominant in the reaction 48 Ca+ 238 U, nominally leading to compound nucleus 286 Cn. Nevertheless, the symmetric fission events still amount to about 10 % of fission events [29] . This can be considered as upper limit for fusion probability and this value is also obtained from analysis of evaporation residue cross sections using modified HIVAP code [30, 31] . In reactions 64 Ni+ 208 Pb [26] , 48 Ca+ 249 Cf [32, 33] , and 64 Ni+ 238 U [34] the quasi-fission already dominates and suppression of fusion amounts to several orders of magnitude (10 −3 -10 −5 [30, 31] ). Based on the data, initial constraints on fusion were the same as in [23] . In particular, for the reaction 48 Ca+ 208 Pb the fusion probability is close to 100 %, Since the angular momentum range where quasi-fission events are produced is not known precisely and also to assure that we will not observe the reactions of deep-inelastic transfer (which occur at Besides the parameters of the equation of state K 0 and γ, as in our previous works on fission [6] , we varied also the explicit surface energy term, which is introduced in the CoMD code primarily to assure [23] , where the expected values of fusion probabilities for specific reactions could be constrained within several tens of percent, in the present case the constraints had to be set somewhat more loosely.
Since the focus of the work was on nuclear reactions, leading to production of superheavy elements, more emphasis was put on a correct description of behavior of the three heaviest systems, where, within sensitivity of the analysis, only quasi-fission events must be observed. However, this typically resulted in somewhat lowered probability of fusion also for lighter systems, such as 48 Ca+ 176 Yb, and systems of comparable total mass, formed in reactions of beams ranging from neon to nickel. In these systems, simulations with parameter sets where no fusion was observed for heavy systems, lead to probability to observe a compound nucleus at the end of simulation of around 30%. This can be possibly explained by influence of the surface energy or of the width of the nucleonic wavepackets on the exact position of the fusion barrier. This possible discrepancy in position of fusion barrier might be also a result of the missing effect of spin such as spin-orbit interaction or shell structure in CoMD simulations. In particular, deformation of target nucleus and deformed shell structure as in [19] can play a role close to the fusion barrier. Still, since the beam energy of 5 AMeV lies above the fusion barrier, the observed level of agreement in the simulations for the whole set of reactions allows to select the most successful sets of parameters within the explored range.
The general observation from the analysis is that above some mass of the composite system (A≈260) the balance between fusion and quasifission evolves gradually toward quasifission. No strong influence of density dependence of symmetry energy could be identified. This is again in agreement with previous fission studies using CoMD [6] . The reason for such weak dependence requires further investigations. Due to representative character of the set of selected reactions, even such loosened criteria proved to be highly selective and only two sets of parameters can be considered as most of different numerical methods, such agreement is not a priori guaranteed. The two parameters C s and σ r appear to counterbalance each other and in order to make distinction between these two cases further investigations and comparison with other available experimental data might be necessary.
One further aspect of simulations is the difference in evaluation of the collision integral, where EoS dependent nucleon-nucleon cross sections are employed in BUU while in CoMD the collisions are driven by the experimental free nucleon-nucleon cross sections, evaluated for each case. As already mentioned in the previous work [23] , specific choice of the nucleon-nucleon cross sections (EoS-dependent or free) did not lead to a dramatic effect due to strong Pauli blocking, and similar argumentation might be valid also for the case of CoMD. Still, this effect might play some role in the latter stage of quasi-fission process, where due to emergence of thermal degrees of freedom the effect of Pauli blocking will be obviously weakened.
The two successful sets of parameters were also verified in reactions of low-energy multinucleon transfer. Simulations were performed for reaction of 136 Xe+ 198 Pt at 8 MeV/nucleon, where experimental data were obtained recently by Watanabe et al. [35] . In this reaction, the mass distributions of hot fragments, obtained using the CoMD simulations with the two above mentioned sets of parameters, were in good agreement with the mass distributions from the simulations using the model of deep-inelastic transfer (DIT) [36] . After de-excitation using the SMM code [37] , the DIT simulation is capable to describe the mass distributions of cold projectile-and target-like fragments. We did not perform simulation of de-excitation of hot fragments from CoMD due to uncertainty concerning the determination of energy of the ground state of such fragments in CoMD, since the values of surface energy parameter C s and width of wavepacket σ r were not identical to the values, used to calculate properties of the ground state. However, when using the average excitation energies from DIT simulation, evaluated separately for each mass and atomic number of the fragments, we were able to reproduce the experimental data. Thus the two parameter sets appear consistent also with the experimental data from low-energy multinucleon transfer, even if more work is necessary to perform full simulations of such process using the CoMD [5] .
Moreover, the recent work [38] , which investigates an effect of nuclear equation of state on binary merger of neutron stars, shows that simulations of binary neutron star merger with K 0 =245 MeV tend to lead to formation of neutron star while softer EoS lead to formation of black hole. Subsequent astronomical observations of the recent neutron star binary merger event GW170817 report the formation of magnetar (massive neutron star) [39] . Thus the choice of nuclear EoS appears to have macroscopic consequences and the values of K 0 = 245 − 254 MeV observed in the previous and present work are consistent with astronomical observations.
Conclusions
Fusion dynamics and the onset of quasi-fission in reactions, leading to production of superheavy nuclei is investigated using the constrained molecular dynamics model. Constraints on the parameters of the nuclear equation of state are derived from experimental fusion probabilities. The obtained constraint on the modulus of incompressibility of nuclear matter K 0 = 240 − 260 MeV is consistent with the results of previous study using the Boltzmann-Uehling-Uhlenbeck equation and also with constraints derived using the recent neutron star binary collision event GW170817. Unlike the modulus of incompressibility of symmetric nuclear matter, the stiffness of the density-dependence of symmetry energy influences the fusion probability only weakly.
